Abstract. In this note, we observe a relation between dialgebras (in particular, Leibniz algebras) and conformal algebras. The purpose is to show how the methods of conformal algebras help solving problems on dialgebras, and, conversely, how the ideas of dialgebras work for conformal algebras.
Conformal Algebras
The notion of a conformal algebra was introduced in [40] (in [29] , a similar notion appeared under the name of a vertex Lie algebra). This notion is an important tool for studying vertex operator algebras. The latter came into algebra from mathematical physics (namely, from the 2-dimensional conformal field theory, what explains the name "conformal algebra"), that was initiated by [1] . The algebraic essence of vertex operator structures was extracted in [35] and later developed in a series of works, e.g., [14, 10, 13] . The relations between vertex and conformal algebras are very much similar to the relations between ordinary associative and Lie algebras.
In conformal field theory, the operator product expansion (OPE) describes the commutator of two fields. Let V be a (complex) space of states, and let Y : V → End V [[z, z is called the λ-bracket on the space of fields {Y (a, z) | a ∈ V }. Here λ is a new formal variable, and Res w=0 F (w, z) means the residue at w = 0, i.e., the formal series in z that is a coefficient of F (w, z) at w −1 . The algebraic properties of the λ-bracket (1) lead to the formal definition of a conformal algebra over a field k of characteristic 0.
Definition 1 ([40]). A conformal algebra is a left (unital) module C over the polynomial algebra H = k[T ] endowed with a binary k-linear operation
such that (T a λ b) = −λ(a λ b), (a λ Db) = (T + λ)(a λ b).
In terms of fields, T is just the ordinary derivation with respect to z. Every conformal algebra can be represented by formal distributions over an ordinary algebra. Let C be an object described by Definition 1. Consider the space of Laurent polynomials k[t, t −1 ] as a right H-module with respect to the following action: f (t)T = −f ′ (t). Then
carries the natural algebra structure:
can be endowed with the action of T = d/dz and with a λ-bracket (· λ ·) similar to (1) , where the commutator is replaced with the ordinary product of distributions.
e., C is isomorphic to a formal distribution conformal algebra over A(C).
The algebra A(C) is called the coefficient algebra [30] of C, or annihilation algebra [40] . (associative, alternative, Lie, etc.) . Then a conformal algebra C is said to be V-conformal algebra if A(C) belongs to V.
Definition 2 ([30]). Let V be a variety of algebras
Associative and Lie conformal algebras, their representations, and cohomologies have been studied in a series of papers, e.g., [6, 2, 37, 31, 9, 4, 41] . In particular, associative conformal algebras naturally appear in the study of representations of Lie conformal algebras.
Example 1. Consider one of the simplest (though important) examples of conformal algebras. Suppose A is an ordinary algebra (not necessarily associative or Lie). Then the free H-module
Cur A = H ⊗ A generated by the space A endowed with the λ-bracket
If A belongs to a variety V defined by a family of polylinear identities then Cur A is a V-conformal algebra.
Certainly, current conformal algebras and their subalgebras do not exhaust the entire class of conformal algebras. For example, W = k[T, x] with respect to the operation (f (T, x) λ g(T, x)) = f (−λ, T )g(T + λ, x + λ) is an associative conformal algebra (called Weyl conformal algebra [30] ), and Vir = k[T ] with respect to
is a Lie conformal algebra (called Virasoro conformal algebra [40] ).
Conformal algebra is said to be finite if it is a finitely generated H-module.
Dialgebras
The following notion appears naturally from a certain noncommutative analogue of Lie homology theory.
The defining identity means that the operator of left multiplication [x, ·] is a derivation of L. Leibniz algebras are the most popular noncommutative generalizations of Lie algebras. The following structures play the role of associative enveloping algebras for Leibniz algebras.
Definition 4 ([16]
). An associative dialgebra (or diassociative algebra) is a linear space D endowed with two bilinear operations (· ⊣ ·), (· ⊢ ·) such that
for all x, y, z ∈ D.
In particular, the operation [
. A systematical study of diassociative algebras was performed in [25] . Also, in [24] and [11] the notions of alternative and commutative dialgebras were introduced. These definitions also appear in the general categorical approach using the language of operads [21] .
Shortly speaking, an operad A is a collection of spaces A(n), n ≥ 1, such that a composition rule
and an action of a symmetric group are defined in such a way that some natural axioms hold (associativity of a composition, existence of a unit in A(1), and equivariance of the composition with respect to the symmetric group action).
A linear space A over a field k may be considered as an operad (see, e.g., [23] as a general reference), where A(n) = Hom (A ⊗n , A). In the free operad denoted by Alg, the spaces Alg(n) are spanned by (planar) binary trees with n leaves.
An algebra structure on a linear space A is just a functor of operads Alg → A. If V is a variety of algebras defined by polylinear identities then there exists a free V-operad V-Alg built on polylinear polynomials of the free V-algebra. There exists a canonical functor Alg → V-Alg, and it is clear that an algebra A belongs to V if and only if there exists a functor V-Alg → A such that the following diagram is commutative:
A similar definition works for dialgebras. An operad Dialg whose spaces are spanned by planar binary trees with 2-colored vertices (colors 1 and 2 stand for ⊢ and ⊣, respectively) has an image equivalent to the Hadamard product Alg ⊗ E, where E is the free V c -operad corresponding to the variety V c of associative and commutative dialgebras (Perm-algebras), dim E(n) = n (see [11, 21] 
for details).
Suppose V is a variety of algebras defined by polylinear identities. For a linear space D, a functor Dialg → D defines two bilinear operations ⊢ and ⊣ on D. Conversely, any system (D, ⊢, ⊣) may be considered as a functor Dialg → D.
Definition 5 ([21]). A linear space D with two bilinear operations ⊢ and ⊣ is said to be di-V-algebra if there exists a functor V-Alg ⊗ E → D such that the following diagram is commutative:
We will mainly use the term "di-V-algebra", but this is the same as "V-dialgebra". The last definition is easy to translate into the language of identities. First, identify Alg(n) with the space of polylinear non-associative polynomials in x 1 , . . . , x n ; for Dialg we have a similar interpretation. Next, consider the following linear maps Ψ k : Alg(n) → Dialg(n), k = 1, . . . , n:
assuming the bracketing (. . . ) on monomials is preserved. Then we have
Theorem 1 ([21]). Assume {f i | i ∈ I} is the family of polylinear defining identities of a variety V. Then D is a di-V-algebra if and only if D satisfies the identities
If V is the variety of Lie algebras then f = x 1 x 2 + x 2 x 1 is one of its defining identities. Since Ψ 1 (f ) = x 1 ⊣ x 2 + x 2 ⊢ x 1 , we can describe Lie dialgebras in terms of single operation, say, [a, b] = a ⊢ b. Then the class of Lie dialgebras coincides with the class of Leibniz algebras.
Note that all di-V-algebras satisfy the relations (3), called 0-identities [21] . The following approach to the definition of varieties of dialgebras was proposed in [34] .
Let D be a dialgebra that satisfies 0-identities. Then the linear span D 0 of all elements a ⊢ b − a ⊣ b, a, b ∈ D, is an ideal of D. The quotientD = D/D 0 is an ordinary algebra with a single operation. Moreover, the following actions are well-defined:D
Denote byD the split null extensionD ⊕ D, assuming D 2 = 0.
Theorem 2 ([34]). Suppose V is a variety of algebras with polylinear defining identities. Then D is a di-V-algebra if and only if D satisfies the 0-identities and D is an algebra from V.
A curious relation between conformal algebras and dialgebras was noted in [21] . It turns out that if C is a V-conformal algebra in the sense of Definition 2 then the same linear space endowed with just two operations
is a di-V-algebra denoted by C (0) . Conversely, every di-V-algebra can be embedded into an appropriate V-conformal algebra. The last statement easily follows from Theorem 2 and Thus, there are three equivalent definitions of what is a dialgebra of a given variety provided by Theorems 1, 2, and 3.
Some Classical Theorems for Leibniz Algebras
Since Leibniz algebras are just Lie dialgebras in the sense of Definition 5, we may use Theorem 3 to get natural generalizations of some classical statements on Lie algebras to the class of Leibniz algebras. These are: the Engel Theorem, the Poincaré-Birkhoff-Witt (PBW) Theorem, and the Ado Theorem.
We will need the following statement (c.f. Theorem 3 in [20] ).
Theorem 4. Let L be a Leibniz algebra, and let V be a module over the Lie algebrā L. Then there exists an injective homomorphism
of Leibniz algebras.
Proof. For every x ∈ L, denotex = x+L 0 ∈L and define ρ(x) ∈ H ⊗gl(V ⊕(L⊗V )) as follows:
for all a ∈ L, v ∈ V . It is clear that ρ is injective (ρ 1 (x) = 0 for x = 0). Let us check that ρ is a homomorphism of Leibniz algebras. First, (ρ(
The following statement immediately follows from Theorem 4 applied to V = L.
Theorem 5 ([38, 3, 7]). Let L be a finite-dimensional Leibniz algebra such that all operators [x, ·] ∈ End L are nilpotent. Then L itself is a nilpotent Leibniz algebra.
Recall that for a Lie algebra L the classical PBW Theorem states that the universal enveloping associative algebra U (L) is isomorphic (as a linear space) to the symmetric algebra S(L). For Leibniz algebras, the role of associative envelopes belongs to diassociative algebras.
Theorem 6 ([25, 26]). The universal enveloping diassociative algebra U d(L) of a Leibniz algebra L is isomorphic (as a linear space) to
As in the case of Lie algebras, the main technical difficulty in the proof of the PBW Theorem for Leibniz algebras is to show that "normal" monomials are linearly independent. In [22] , another proof of this independence was obtained by making use of Gröbner-Shirshov bases theory for diassociative algebras. However, one may just apply Theorem 4 to V = U (L), see [20] for details.
Another interesting question is similar to the Ado Theorem: Whether a finitedimensional Leibniz algebra can be embedded into a finite-dimensional diassociative algebra? It turns out, the answer is positive. Indeed, it is enough to apply Theorem 4 to V = k, a trivial 1-dimensional module overL. In particular, we may conclude that an n-dimensional Leibniz algebra can be embedded into a diassociative algebra D such that dim D ≤ 2(n + 1) 2 .
Di-Jordan algebras
A diassociative algebra D turns into a Leibniz algebra D (−) if we define the bracket [x, y] = x ⊢ y − y ⊣ x. This is natural to expect that if we define new operation This is indeed a di-Jordan algebra; the commutativity identity turns into
so we may describe this algebra with only one operation. Objects of this type appeared also in [36, 8] .
Definition 6. A di-Jordan algebra is a linear space with a bilinear product satisfying the following identities:
and (a, b, c) stand for the commutator ab − ba and associator (ab)c − a(bc), respectively. The first identity in (7) comes from the 0-identities, the second and third appear from the Jordan identity. In [27] these algebras were called semispecial quasi-Jordan algebras.
Recall that a Jordan algebra J is said to be special if there exists an associative algebra A such that J ⊆ A (+) . The class of all homomorphic images of all special Jordan algebras is a variety denoted by SJ. This is well-known that SJ does not coincide with the variety of all Jordan algebras. Those defining identities of SJ that do not hold in all Jordan algebras are called special identities (or s-identities, for short).
I was shown in [12] that the minimal degree of an s-identity is equal to 8. However, the description of all s-identities is still an open problem.
For di-Jordan algebras, the same theory makes sense.
Definition 7 ([27]). A di-Jordan algebra J is said to be special if there exists a diassociative algebra D such that J ⊆ D (+) .
It is clear that the class of all homomorphic images of all special di-Jordan algebras is a variety. Let us denote this variety by DiSJ. The notion of an sidentity for di-Jordan algebras is a natural generalization of s-identities for Jordan algebras.
The following statement was proved in [27] by making use of computer algebra methods.
Theorem 7 ([27]). 1. For di-Jordan algebras, there are no s-identities of degree
≤ 7; 2
. There exists an identity of degree 8 that holds on all special di-Jordan algebras and on all Jordan algebras, but does not hold on all di-Jordan algebras.
On the other hand, the variety SJ leads to the notion of a di-SJ-algebra by Definition 5. It turns out that these two different approaches lead to the same class of dialgebras.
Theorem 8 ([42]). The variety of di-SJ-algebras coincides with DiSJ.
This fact allows to deduce a correspondence between s-identities for Jordan algebras and dialgebras. f (x 1 , . . . , x n ) be a polylinear s-identity for Jordan algebras.
Theorem 9 ([42]). Let
for some nonassociative polynomials f k (x 1 , . . . , x n ), and at least one of f k is an s-identity for Jordan algebras.
Note that Theorem 9 works for polylinear identities only, so it says nothing about the identity from Theorem 7 (2) .
A series of classical results for special Jordan algebras can be transferred to dialgebras. In particular, the Shirshov-Cohn Theorem states that every 2-generated Jordan algebra is special. It turns out that the free 2-generated di-Jordan algebra is special, but its homomorphic image may not be special [42] . However, Theorem 3 implies that every 1-generated di-Jordan algebra is special.
Another problem on di-Jordan algebras concerns their relation to Leibniz algebras. The classical Tits-Kantor-Koecher construction allows to build a Lie algebra T (J) for a given Jordan algebra J in such a way that structure of J is closely related with the structure of T (J). This is natural to expect [36] that a similar construction for a di-Jordan algebra should lead to Lie dialgebra, i.e., Leibniz algebra.
Conformal algebras allow to solve this problem. Let J be a di-Jordan algebra, and letĴ stands for the split null extensionJ ⊕ J (see Theorem 2) . This is a Jordan algebra, and it follows from Theorem 3 that J ⊆ (CurĴ) (0) . Denote by
the Tits-Kantor-Koecher construction [19, 28, 17] forĴ. HereĴ ± are linear spaces isomorphic toĴ, and S(Ĵ) ⊆ EndĴ ⊕ DerĴ is spanned by
where L x denotes the operator of left multiplication: L x (y) = xy. The images of a ∈ J in the isomorphic copies J ± are denoted by a ± . This is a Lie algebra, J + and J − are its abelian subalgebras, and [a 
On Embeddings of Conformal Algebras
One of the basic facts about associative algebras states that every finite-dimensional associative algebra A can be presented by matrices. Indeed, even if A does not contain a unit element, we may consider A # = A ⊕ k1, and then there is a faithful representation L : A → End A # , L(a) : x → ax. For a conformal algebra C of rank n over H, the role of End A belongs to Cend C, which is isomorphic to the conformal algebra of n × n matrices over the Weyl conformal algebra. The following properties define an analogue of the unit element for conformal algebras.
Definition 8 ([4]
). Suppose C is a conformal algebra. An element e ∈ C is said to be a (conformal) unit in C if (e λ x)| λ=0 = x for all x ∈ C and e λ e = e.
Associative conformal algebra with a unit has a very natural structure.
Proposition 1 ([4]
). Let C be a semisimple associative conformal algebra with a unit. Then there exists an associative algebra A with a locally nilpotent derivation ∂ such that C ≃ H ⊗ A with respect to the operation This is the reason why the following problem [5] makes sense: Is it possible to join a conformal unit to an associative conformal algebra. Moreover, a finite associative conformal algebra can be embedded into matrices over the conformal Weyl algebra if and only if one can join a unit to this conformal algebra. The following statement answers positively to this question.
Theorem 11 ([33]
). If C is a finite associative conformal algebra which is a torsion-free H-module then there exists an associative conformal algebra C e with a unit such that C ⊆ C e .
The last Theorem does not hold for all conformal algebras. For example, consider the free H-module C generated by the space W = k[x] ⊕ kw with the following operation on generators:
. This is an associative conformal algebra. Assume there exists a unital conformal algebra C e with unit e such that C ⊆ C e . Then associativity implies ((e λ w) 0 x n ) = (e λ (w −λ x n )) = e λ T n w = (T + λ) n (e λ w), n ≥ 1. This is impossible since (e λ w) is a polynomial in λ, and its degree does not depend on the choice of n, except for (e λ w) = 0. But (e 0 w) = w by the definition of a conformal unit. The contradiction obtained shows that C e does not exist. is a Lie conformal algebra [40] . It is natural to denote this conformal algebra by C (−) . In contrast to the case of ordinary algebras, there exist Lie conformal algebras that can not be embedded into associative conformal algebras [31] . However, it is unknown whether the following statement is true.
Conjecture 1. Suppose L is a finite Lie conformal algebra which is a torsion-free H-module. Then L can be embedded into an associative conformal algebra with unit.
It was shown in [2] that every such L has a maximal solvable ideal R, so L/R is semisimple.
The conjecture obviously holds for semisimple conformal algebras. In [32] , it was shown that a nilpotent Lie conformal algebra can be embedded into a nilpotent associative conformal algebra with the same index of nilpotency. This proves Conjecture 1 for nilpotent algebras, but it actually holds in much more general class of Lie conformal algebras that includes finite torsion-free solvable algebras.
The idea comes from the construction of a conformal representation for a Leibniz algebra in Theorem 4.
Let us first consider a Lie conformal algebra of the type L = Cur g, where g is a Lie algebra, dim g < ∞. This is straightforward to check that the embedding built in the proof of Theorem 4 is in fact a homomorphism of conformal algebras. This proves Conjecture 1 without a reference to the classical Ado Theorem.
In the more general case, the Lie Theorem for conformal algebras proved in [2] allows to deduce the following fact.
Theorem 12 ([33])
. Suppose L is a Lie conformal algebra which is a semi-direct product of a current conformal algebra Cur g (dim g < ∞) and a finite torsion-free solvable Lie conformal algebra R. Then there exists a finite-dimensional associative algebra A such that L ⊆ (Cur A) (−) .
